Abstract. We derive exactly the number of complex solutions with two downspins in the massive regime of the periodic spin-1/2 XXZ spin chain of N sites. Here we remark that every solution of the Bethe ansatz equations is characterized by a set of quantum numbers. We derive them analytically for all the complex solutions in the sector, which we call two-string solutions. We show that in a region of N and ∆ the number of two-string solutions is by two larger than the number due to the string hypothesis, i.e., an extra pair of two-strings appears. We determine it exactly and also such regions where m two-string solutions collapse for any positive integers m. We illustrate the extra and standard twostring solutions numerically. In the sector we show that the string deviations are exponentially small with respect to N if N is large. We argue that for any finite solution of the spin-1/2 XXX chain there is such a solution of the spin-1/2 XXZ chain that has the same quantum numbers in common with the XXX solution.
Introduction
In the study of quantum many-body systems, several numerical techniques have been developed to evaluate their eigenvalues, eigenvectors, and physical quantities, at least approximately. In order to examine the accuracy of such numerical techniques, exact solutions should be useful. However, the systems for which we obtain all eigenvectors and eigenvalues exactly are only a few. Some quantum integrable systems in one dimension are part of them. We call models which satisfy the Yang-Baxter relation quantum integrable systems. The Bethe ansatz is useful to derive systematically eigenvectors and eigenvalues for them [1] . Here the Bethe ansatz equations play a central role [2, 3] . From a solution of the Bethe ansatz equations we obtain an eigenvalue and its eigenvector.
The spin-1/2 anisotropic quantum Heisenberg spin chain, i.e., the spin-1/2 XXZ spin chain under the periodic boundary conditions is one of the fundamental quantum integrable systems in one dimension. The Hamiltonian of this model is given by 
where σ a j (a = x, y, z) are the Pauli matrices defined on the jth site, ∆ denotes the anisotropic parameter, and N is the site number. If |∆| > 1, the spectrum has a gap, i.e., the energy difference between the first excited state and the ground state remains nonzero and finite as the system size becomes infinitely large, while if |∆| ≤ 1 it is gapless or massless, i.e., the energy gap vanishes in the thermodynamic limit. In the M down-spin sector with rapidities λ 1 , λ 2 , · · ·, and λ M , the Bethe-ansatz equations of the spin-1/2 XXZ Heisenberg spin chain are given by
For ∆ = 1 (the XXX case) we take φ(λ) = λ and ζ = 1. For −1 < ∆ < 1 (the massless regime of the XXZ spin chain) we take φ(λ) = sinh λ and ∆ = cos ζ. For ∆ > 1 case (the massive regime of the XXZ spin chain) we take φ(λ) = sin λ and ∆ = cosh ζ.
We introduce quantum numbers in order to solve the Bethe ansatz equations (2) numerically. We express the logarithms of both hand sides of eqs. (2) in terms of an analytic continuation of the arctangent function denoted by tan −1 (x), which will be defined shortly. For ∆ > 1 we have 2 tan −1 tan λ i tanh(ζ/2) = 2π
J i ≡ 1 2 (N − M + 1) (mod 1) for i = 1, 2, · · · , M.
We call J i the Bethe quantum numbers. The conditions (4) with mod 1 mean that they are half-integers if N − M is even, and integers if N − M is odd. It seems as if it is easy to solve the Bethe ansatz equations (3) numerically and evaluate physical quantities for large systems. However, it is not trivial to derive solutions to eqs. (3) numerically not only in the thermodynamic limit but also in finite-size systems particularly for excited states with complex solutions. In fact, it is not known how to specify the Bethe quantum numbers for an arbitrarily given eigenstate. For instance, the ground-state energy of the antiferromagnetic spin-1/2 XXX spin chain was calculated by Hulthén successfully [4] , partially because every ground-state rapidity is real [5] . However, solutions of eqs. (3) for excited states may be complex. There is a set of numerical assumptions on the forms of complex solutions, which we call the string hypothesis [6, 7] . Here we remark that there are also combinatorial approaches for classifying solutions of the Bethe ansatz equations [8] [9] [10] [11] [12] .
Let us consider the two down-spin sector in the spin-1/2 XXX spin chain or that of the massive spin-1/2 XXZ spin chain. There are both real and complex solutions for the Bethe-ansatz equations. A pair of complex rapidities, which we call a two-string, is expressed by two real parameters such as string center x and string deviation δ [13] . For the massive XXZ case where ∆ = cosh ζ and δ > −ζ/2, we have
Some of two-string solutions predicted by the string-hypothesis become real solutions if the site number N is large, for the spin-1/2 XXX spin chain in the two down-spin sector [14] . We call it the collapse of two-string solutions to real ones. The critical number N c such that a collapsed two-string solution exists for N > N c is evaluated as 21 .86 in the spin-1/2 XXX spin chain [14, 15] . The collapse is also numerically investigated [16] . The number of collapsed solutions is rigorously obtained for any given number N of the spin-1/2 XXX spin chain by deriving the Bethe quantum numbers [17] . The Bethe ansatz equations for the spin-1/2 XXX and XXZ chains may have solutions containing a pair of pure imaginary rapidities (iζ/2, −iζ/2). We call them singular solutions [13, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . They make some factors of eqs. (2) indefinite. It is not straightforward to show that they correspond to eigenvectors, However, for instance, we can show it by deriving the corresponding Bethe quantum numbers [17] .
It is therefore fundamental to derive the Bethe quantum numbers for solutions of the Bethe ansatz equations when we evaluate them numerically in some sector. At the XXX point, all Bethe quantum numbers both for real and complex solutions are derived rigorously in the two down-spin sector [17] . In the spin-1/2 XXZ chain in the two down-spin sector, the completeness has been proved rigorously [29] . However, the Bethe quantum numbers have not been discussed, yet. Here we mention earlier studies on complex solutions of the spin-1/2 XXZ spin chain [30] [31] [32] [33] . In this paper, we derive the number of complex solutions in the two down-spin sector analytically by showing all the Bethe quantum numbers for the massive regime of the spin-1/2 XXZ spin chain. There are several results: (i) The number of twostring solutions depends on N and ∆. We show that it is by two larger than the number given by the string hypothesis in a wide region of ∆ and N . We call them an extra pair of two-string solutions. (ii) Let us introduce N ζ for positive values of ζ by
We call such a regime of ∆ and N satisfying N > N ζ for ζ > 0 the stable regime. It is above the dashed lines in figure 1 . We show that in the stable regime all the two-string solutions predicted by the string hypothesis exist and the string deviations δ are exponentially small with respect to N . Furthermore, we show that an extra pair of two-string solutions exists throughout the stable regime. We conclude that two-string solutions are stable in the stable regime. In short, two-string solutions are stable for two down-spins if the site number N or the XXZ anisotropy ∆ is large enough. Here we remark that the criterion: N > N ζ is equivalent to the condition:
We call such a regime of ∆ and N satisfying N < N ζ for ζ > 0 the unstable regime. It is below the dashed lines in each of figures 1, 2 and 3. In the unstable regime, for any given positive integer m, we determine such a region of N and ∆ where the collapse of m two-string solutions occurs. Thus, two-string solutions are possibly unstable in the unstable regime. (iv) We rigorously show that the string deviations δ are exponentially small with respect to N in the stable regime by an analytic method. We illustrate it explicitly with numerical solutions of the Bethe ansatz equations. Furthermore, we present numerical solutions of an extra pair of two strings for N = 12. We thus confirm the existence of extra two-string solutions numerically. (v) We argue that if there is a finite-valued solution of the Bethe-ansatz equations in the XXX spin chain, then there exists a solution of the XXZ spin chain that has the same Bethe quantum numbers as the XXX solution and also that the XXZ solution converges to the XXX solution in the isotropic limit where we send ζ to zero. We call it the XXX/XXZ correspondence of the Bethe quantum numbers. Let us derive the logarithmic form of the Bethe ansatz equations from eqs. (2) more explicitly. For simplicity, we assume that all rapidities λ j are real. We remark that each rapidity λ j has the period π in the Bethe ansatz equations (2), and hence we search solutions satisfying −π/2 < λ j ≤ π/2 for all j. Applying the relation (x + i/n)/(x − i/n) = (−1)(1 − inx)/(1 + inx) and eqs. (A.1) in Appendix A to the right-hand side of eqs. (2), we have . Stable regime is above the dashed line, while unstable regime is below it. In the stable regime the string deviations decrease exponentially with respect to N . Symbols mk such as m1, m2, · · ·, denote the regions of k missing 2-string solutions for k = 1, 2, . . .. Vertical axis shows the value of tanh 2 (ζ/2) and horizontal axis the number of sites N . The XXZ anisotropy ∆ is given by ∆ = cosh ζ.
Here we take the principal branch for tan −1 (x) such as −π/2 < tan −1 (x) < π/2 for −∞ < x < ∞. In the right hand side of (7) the difference λ j − λ k may be greater than π/2. In order to make the phase factor continuous at λ j − λ k = π/2 Takahashi introduced the following function for real variable λ [7] ,
Here we denote by the symbol [x] the greatest integer that is not larger than x. In order to search real solutions numerically by the recursive method, it is convenient to make the phase factor continuous at λ j − λ k = π/2. In the paper, in order to derive complex solutions we analytically continue the functions θ n (λ; ζ) through the two branches of the logarithmic function 2 tan
Here the branches of the logarithmic function log (s) (z) and log (+) (z) are given in eqs. Let us express deviation δ in terms of a variable w defined by
We consider two intervals of w: the interval between 0 and 1 for narrow strings with δ < 0 denoted by (0, 1), and the interval between 1 and 1/ tanh(ζ/2) for wide strings with δ > 0 denoted by (1, 1/ tanh(ζ/2)). By setting the imaginary part of the Bethe ansatz equations to be zero, we regard the center x as a function of variable w. We shall express tan x as a function of w. We introduce the counting function Z 1 (w) as a function of w for the 2-string solutions in the two down-spin sector with eqs. (5) as follows.
Here λ 1 and λ 2 are functions of w through the relation of string center x to w. We obtain a two-string solution λ 1 (w(J 1 )) and λ 2 (w(J 1 )) for a given set of Bethe quantum numbers J 1 and J 2 by solving the following equation for w
There is another counting function Z 2 (w) satisfying Z 2 (w(J 1 )) = J 2 /N . However, since their difference is constant, we consider only Z 1 (w) and denote it by Z(w).
If the counting function Z(w) increases (or decrease) monotonically through an interval [w a , w b ], we obtain the set of Bethe quantum numbers by the set of such integers or half-integers
In the stable regime we show rigorously that the counting function is monotone in w for large N . In the unstable regime we confirm the monotonicity numerically, and give analytical arguments for it. We thus derive exact expressions of N and ζ (or ∆) for such regions where m two-string solutions are missing.
We regard the range of w on which we define the counting function Z(w) as the domain of definition for the function.
Let us explain the string hypothesis more explicitly. The string hypothesis consists of two parts. (i) The complex solutions of the Bethe ansatz equations (2) assumed by the string hypothesis for the spin-1/2 XXZ spin chain in the massive regime have in general the following form:
where d is a positive constant and the string center λ n α is given by a real number satisfied by −π/2 < λ n α ≤ π/2. We call a complex solution of the form (13) an nstring. If the deviations O(e −dN ) in (13) vanish, we call it a complete n-string or simply a complete string. The set of all solutions in the M down-spin chain consists of k-strings for k = 1, 2, . . . , and M . The total number of k-strings is denoted by M k for each k. It is clear that we have M = ∞ k=1 kM k . (ii)The numbers of sets of k-strings for k = 1, 2, . . ., are determined by the assumptions of the string hypothesis. If we assume this hypothesis, we can evaluate the free energy at finite temperatures at least approximately. Moreover, from the string hypothesis, thermal properties, e.g., specific heats and magnetic susceptibilities are studied [34] [35] [36] [37] [38] [39] . However, counter examples of this hypothesis are found in the spin 1/2-XXX and the spin-1/2 massless XXZ spin chains in the two down-spin sector [14, 40, 41] .
There are several physical motivations in the study of the Bethe quantum numbers and the validity of the string hypothesis for numerical solutions of the Bethe ansatz equations in the two down-spin sector for the massive regime of the spin-1/2 XXZ spin chain. (i) With exact Bethe quantum numbers being given we can systematically evaluate numerical solutions of the logarithmic forms of the Bethe ansatz equations. It is fundamental to know the numbers of real and two-string solutions when we derive numerical solutions in some sector. (ii) With numerically exact solutions, we can derive the quantum dynamics in a finite system for any given initial state in the sector. (iii) In the XXX chain and the massless XXZ chain, the counter example for the string hypothesis in the two down-spin sector exist. However, in the massive XXZ chain it seems that any counter example to the string hypothesis or any argument supporting it is not known. (iv) Recently, the spectrum in the massive regime of the spin-1/2 XXZ spin chain has attracted much interest. For instance, the low-temperature spectrum of correlation lengths are studied in the antiferromagnetic massive regime of the spin-1/2 XXZ spin chain [42, 43] . Since some of the results of the present paper are favorable to the string hypothesis, it should be interesting to examine how far thermal properties obtained by assuming the string hypothesis should be valid.
The contents of this paper consist of the following. In section 2, we rigorously formulate the Bethe ansatz equations for two-string solutions in the two down-spin sector. We divide each of the Bethe ansatz equations into the real and imaginary parts. We regard the imaginary parts as constraints on string center x and variable w. We also derive the difference of the two Bethe quantum numbers J 1 and J 2 . Let us call two-strings with positive string deviations: δ > 0 wide pairs and two-strings with negative string deviations: δ < 0 narrow pairs. In section 3 we argue the monotonicity of the counting function Z(w). In the case of x > 0, for instance, it is monotone increasing as a function of w for wide pairs and monotone decreasing for narrow pairs. In the stable regime for large N we prove the monotonicity. In the unstable regime for narrow pairs we examine the monotonicity numerically, and we make it a conjecture. In section 4, we count the complex solutions with the Bethe quantum numbers. We derive analytically the criterion about the collapse of two-string solutions and the existence of extra two-string solutions. In the stable regime for large N we prove the existence of an extra two-string solutions. Furthermore, we derive a singular solution and calculate its Bethe quantum numbers. In section 5, we show rigorously that string deviations of two-string solutions become exponentially small as the number of sites N increases. the relation between the string hypothesis and the Bethe solutions. We show that except for narrow pairs in the unstable regime two-string solutions in the two down-spin sector approach complete strings when ∆ > 1 and N is large enough. In section 6 we show numerically that the string deviations become exponentially small as the site number N increases. We explicitly presented the numerical estimates of extra string solutions for N = 12. We have illustrated the Bethe quantum numbers with the numerical solutions for N = 12. We present the numerical estimates of extra string solutions for N = 12. We illustrate the Bethe quantum numbers with the numerical solutions for N = 12. In section 7, we argue in the two down-spin sector the XXX/XXZ correspondence of the Bethe quantum numbers: for any finite solution of the XXX spin chain there exists a solution of the XXZ spin chain that has the same Bethe quantum numbers as the XXX solution. 
2 tan
We substitute the two-string form (5) in the Bethe ansatz equations (14) and (15) in the two down-spin sector as follows.
tan
It is convenient to introduce variable t by
Here we recall that w has been defined by w = tanh (ζ/2 + δ)/tanh ζ/2 in eq. (10) . We also recall that w > 0 since we have the constraint δ > −ζ/2 due to eq. (5). If deviation δ is negative, we have w < 1, while if it is positive we have w > 1. We remark that w < 1/t by definition. We first consider the left-hand side of the Bethe ansatz equations (16) . Thanks to the tangent angle addition formula we have
We express the real part of eq. (19) by a, and the imaginary part of (19) 
We express the left-hand side of the Bethe ansatz equations in terms of the arctangent function with a complex argument of a + ib in (9).
where, the step function H(y) is defined by
and sgn(y + ) is expressed as sgn(y + ) = 1 − 2H(−y). Similarly, we consider the righthand side of the Bethe ansatz equation (16) as follows.
Here we remark that it is easy to show that b > 0. We also recall that ζ + 2δ > 0 since δ > −ζ/2. It follows from (22) and (24) that the Bethe ansatz equation (16) is expressed as
We consider the real and imaginary parts of eq. (25), separately. We recall that we regard x as a function of w (i.e., δ) by setting the imaginary part of eq. (25) to be zero. From the real part of eq. (16) we define the counting function Z 1 (w) as follows.
For a given Bethe quantum number J 1 , we determine the solution λ 1 and λ 2 which corresponds to J 1 by evaluating w such that it satisfies the following equation.
Hereafter we shall often abbreviate the counting function Z 1 (δ(w), x(w), ζ) simply by Z 1 (w) or even by Z(w)
Difference of the two Bethe quantum numbers J 1 and J 2
Let us consider the second Bethe ansatz equation (17) . The term corresponding to eq. (19) is expressed in terms of a in (20) and b in (21) as
From the real part of the second Bethe ansatz equation (17) we define the second counting function Z 2 (w) by
From (26) and (29) we derive the difference of the two counting functions as follows.
In terms of the Bethe quantum numbers J 1 and J 2 the difference is expressed as
. For simplicity, we shift the second Bethe quantum number J 2 by N , so that we have
Imaginary part
We now express x as a function of w through the constraint for the imaginary part of the Bethe ansatz equation (25) to vanish:
Let us introduce X by
We express eq. (32) in terms of X, w and t, as follows.
The equation (34) is equivalent to the quadratic equations of X as follows.
where A(w), B(w) and C(w) are defined by
Here we choose the branch of fractional power function (1 − w) 2/N as
Thus, X = tan 2 x is expressed as a function of w as follows.
We denote X + and X − explicitly by X p and X m , respectively. Here we recall that w is a function of δ through eq. (10).
In order to determine the regions of w satisfying X ± ≥ 0, we show two lemmas. Lemma 1 C(w) ≥ 0 and C(w = 1) = 0 for N ≥ 2. Proof By making use of the fact that t = tanh(ζ/2) ≤ 1 and 0 ≤ w, we show
We express the inequality: A(w) ≥ 0 for 0 < w < 1/t as follows.
By making use of this inequality, we have
Since we have
We have thus shown that if A(w) ≥ 0 then B(w) ≥ 0.
Conditions of X = tan 2 x being positive as a function of w
Let us first consider the case of w = 1. We recall Lemma 1 that we have C ≥ 0. In the case of X p we have four cases: (i) A > 0 and B > 0; (ii) A > 0 and B < 0; (iii) A < 0 and B > 0; (iv) A < 0 and B < 0. In each case we check whether X p is positive:
We have X p > 0 only for (ii). However, it is not allowed due to Lemma 2. For X m thanks to the fact that C ≥ 0, we consider only the signs of A and B. In each case of A, B, we check whether X m (w) is positive.
We have X m > 0 for (vi), (vii) and (viii). But (vi) is not allowed due to Lemma 2.
We now consider the case of w = 1. Since C(1) = 0, eq. (35) is given by
Since A(1) < 0 and B(1) < 0, we have X m = 0. We thus have x = 0 and δ = 0 (w = 1). Here we remark that it gives a singular solution shown in section 4.4. We therefore conclude the following. Proposition 1 X ± (w) > 0 if and only if we have A(w) < 0 and for X − (w).
Hereafter we denote X m (w) = X − (w) simply by X(w). In summary, for a given Bethe quantum number J 1 , we evaluate δ and x numerically by evaluating w with the counting function Z(w) in eq. (26) and then center x by making use of (40) for X − (= X m ). Here we remark that the second Bethe quantum number J 2 is given by eq. (31).
Monotonicity of the counting function
3.1. Domains of w for narrow pairs and wide pairs: A(w) has at most one zero in 0 < w < 1 and exactly one zero in 1 < w < 1/t Let us recall that the center x and the deviation δ of a two-string solution λ 1 and λ 2 have been defined in eqs. (5) . We call two-string solutions with δ < 0 narrow pairs and those of δ > 0 wide pairs. The intervals of w satisfying 0 < w < 1 and 1 < w < 1/t correspond to two-string solutions (5) with δ < 0 and those of δ > 0, respectively, through eq. (10) .
We shall show that the equation: A(w) = 0 has at most one solution in the interval 0 < w < 1. We shall denote it by w 1 . If there is no solution to it, we show that A(w) < 0 for 0 < w < 1 and A(0) = 0, and define w 1 by w 1 = 0. We shall also show that the equation: A(w) = 0 has one and only one solution in the interval 1 < w < 1/t. We denote it by w 3 .
We remark that due to Proposition 1 of section 2.4 it is fundamental to consider the regions of w where we have A(w) < 0.
3.1.1. Derivation of the stable regime criterion from the derivative of A(w) at w = 0 Let us define A(w) by
Explicitly we have
It is clear that for w satisfying 0 < w < 1 the equation A(w) = 0 is equivalent to the equationÃ(w) = 0, since each of the factors 1 + w 2 t 2 , 1 + wt 2 and 1 − wt 2 does not vanish for 0 < w < 1. We shall present the derivative of A(w) in section Appendix B.
The derivative of A(w) at w = 0 is thus given by
Here we recall that N ζ has been defined in eq. (6). The derivative d A/dw at w = 0 is negative if N > N ζ , while it is positive otherwise. The criterion whether N > N ζ or not, i.e. N and ∆ are in the stable regime or not, plays a fundamental role in this paper. Here we recall that t = tanh(ζ/2), and also that the XXZ anisotropy ∆ is given by ∆ = cosh ζ.
3.1.2. Stable regime for 0 < w < 1 When (N − 1)t 2 > 1 holds, the derivative d A/dw is negative at w = 0. We thus have
The derivative (49) is negative at w = 0, while it becomes positive as w increases for 0 < w < 1. In the second term of eq. (49) it is easy to show that the following inequality holds for 0 < w < 1.
The dominant term in eq. (49), (N ζ /N − 1 + w), becomes positive when w is larger than 1 − N ζ /N , and hence there exists a point w a such that the derivative becomes positive for any w satisfying w a < w < 1.
We note that A = 0 and d A/dw < 0 at w = 0 . Therefore, A(w) decreases at w = 0 and is negative for w > 0 at least in the neighborhood of w = 0. However, it turns to increase since d A/dw > 0 for w > w a . Moreover, A(w) is positive at w = 1
Therefore, A(w) vanishes only at one point in 0 < w < 1. We denote it by w 1 .
3.1.3. Unstable regime for 0 < w < 1 In the unstable regime we have N < N ζ , and the derivative (49) at w = 0 is positive. The dominant term of (49) increases and is always positive for w satisfying 0 < w < 1. Therefore, the derivative of A is always positive for 0 < w < 1. Here we remark that A(0) = 0. It follows that A(w) > 0 for w satisfying 0 < w < 1.
3.1.4. Uniqueness of the zero for A(w) in the interval 1 < w < 1/t We recall that for the fractional power (1 − w) 2/N we have chosen the branch:
We thus have for w > 1
The term: w − 1 + N ζ /N is always positive for w > 1. It leads to the dominant term in (53), and hence the derivative (53) is always negative in the interval 1 < w < 1/t for both the stable and unstable regimes. It follows that A(w) is monotonically decreasing in the interval 1 < w < 1/t. We have shown that A(1) > 0 in eq. (51). It is eay to show that A(w) is negative at w = 1/t.
Therefore, A(w) vanishes only at one point of w satisfying 1 < w < 1/t. We denote it by w 3 . Thus, the equation A(w) = 0 has the unique solution w = w 3 in the interval 1 < w < 1/t. 
If N is very large, the left hand side of eq. (55) is approximately expressed with the exponential function.
We express eq. (55) in terms of the hyperbolic tangent function
Let us solve eq. (57) approximately. We consider two cases: (i) If (N − 1)t 2 < 1 holds, then eq. (57) has no nonzero solution. Therefore, in the unstable regime we have w 1 = 0; (ii) If (N − 1)t 2 > 1 holds, eq. (57) has a nonzero solution. Suppose that (N − 1)t 2 is much larger than 1. We then approximate w 1 by
We have thus shown approximately that w 1 approaches 1 exponentially as N increases.
3.2.2. In the interval 1 < w < 1/t of wide pairs We can show that w 3 satisfies
We then approximate w 3 by
We have thus shown approximately that w 3 approaches 1 exponentially as N increases. We remark that in section 5 we shall rigorously show that w 1 and w 3 approach 1 exponentially fast with respect to N as the number of sites N increases. 
For 0 < w < 1 we expand B(w) with respect to w through formula (C.1)
We have
Hence, B(0) is positive in the stable regime, while negative in the unstable regime. It is easy to show that B(w) is negative at w = w 2 = 1.
Similarly we can show
The derivative of B(w) with respect to w is presented explicitly in Appendix B. (63) is negative. In fact, the dominant term in the coefficient −4N ζ /3N + 4t 2 is negative if N < N ζ /(3t 2 ), which holds for small t in the unstable regime.
In the interval w 2 < w < w 3 of wide pairs, when N is large both in the stable and unstable regimes it follows that B(w) is monotonically increasing with respect to w, since d B(w)/dw is positive in the whole interval of w satisfying w 2 < w < w 3 .
Monotonicity of C(w)
Let us define C(w) by
For 0 < w < 1 we expand C(w) with respect to w through formula (C.1)
It is easy to show that
It is positive at w = 0 since we have N > 2 > 1 + t 2 = t 2 N ζ . Straightforwardly we calculate
We can argue the monotonicity of C(w) similarly as B(w). The derivative of C(w) with respect to w is given in Appendix C. We recall that when N is large w 1 is close to 1 in the stable regime and w 3 is close to 1 in the both stable and unstable regimes, and also that terms with factor |w 2 − w| −1 become dominant when the range of w is restricted in the neighborhood of w 2 = 1. Therefore, in the interval w 1 < w < w 2 of narrow pairs we show that the derivative of C(w) is negative for large N , since all terms with the factor |w 2 − w| −1 in eq. (B.4) give only negative contributions; In the interval w 2 < w < w 3 of wide pairs we show that the derivative of C(w) is positive for large N , since all terms with the factor |w 2 − w| −1 give only positive contributions. In the interval w 1 < w < w 2 of narrow pairs, when N is large in the stable regime we show that C(w) is monotonically decreasing with respect to w. since d C(w)/dw is negative throughout the interval w 1 < w < w 2 . However, in the unstable regime at least near w = 0 we show that it is monotonically decreasing by showing that the coefficient of the second power w 2 in eq. (69) is negative. In the interval w 2 < w < w 3 of wide pairs, we show that C(w) is monotonically increasing with respect to w in the both stable and unstable regimes. We prove it when N is large since d C(w)/dw is positive for w 2 < w < w 3 .
Monotonicity of X
We show the monotonicity of X(w) as a function of w by making use of the following formula:
Here we have defined A(w) by
We shall also make use of the following lemma Lemma 3 β 2 − β β 2 + 2α + α > 0 for α, β > 0.
It is easy to show
Since d A(w)/dw > 0 and A(w) > 0 for w 1 < w < w 2 , it follows that d A(w)/dw > 0 and A(w) > 0 for w 1 < w < w 2 . In the interval w 2 < w < w 3 of wide pairs, in the both stable and unstable regimes we show when N is large that the derivative of A(w) is negative, since all terms with the factor |w 2 − w| −1 give only negative contributions. In the interval w 2 < w < w 3 of wide pairs, in the both stable and unstable regimes for large N , the derivative of A(w) is negative while the derivatives of B(w) and C(w) are positive. It follows from (72) and Lemma 3 that dX/dw(w) is positive. Hence, X(w) is monotone increasing with respect to w in the interval of w with w 2 < w < w 3 .
In the interval w 1 < w < w 2 of narrow pairs, in the stable regime for large N we can show that the derivatives of B and C are negative. Here we recall that the positivity of the derivative of A has already been shown for any N . It follows from (72) with Lemma 3 that dX/dw(w) is negative. Hence, X is monotone decreasing with respect to w for w 1 < w < w 2 .
In the interval w 1 < w < w 2 of narrow pairs, in the unstable regime we have shown the negativity of the derivatives of B and C only near w = 0. We have a conjecture that the derivatives of B and C are negative throughout the whole interval of w with w 1 < w < w 2 . If we assume the conjecture, it follows from (72) with Lemma 3 that dX/dw(w) is negative. and hence X is monotonically decreasing with respect to w for w 1 < w < w 2 . 
Let us define ∆Z(w) by
We can show [44] tan (−2π∆Z(w)) = 2a
Let us now argue that the counting function Z(w) monotonically increases for wide pairs (i.e., for w satisfying w 2 < w < w 3 ) and decreases for narrow pairs (i.e., for w satisfying w 1 < w < w 2 ).
For wide pairs (w 2 < w < w 3 ), the range of parameter w is exponentially narrow with respect to N if the number of sites N is very large: w 3 − w 2 = O(exp(−N/2)). We therefore assume that the expression (77) can be well approximated by setting w = 1. At w = 1 we have 2a
Here we recall that we have shown that X increases monotonically with respect to w in the interval w 2 < w < w 3 . It is clear that tan (−2π∆Z(w)) decreases monotonically with respect to w. It thus follows that the counting function Z(w) increase monotonically with respect to w for wide pairs, i.e. for w satisfying w 2 < w < w 3 . For narrow pairs (w 1 < w < w 2 ) in the stable regime, the range of parameter w becomes exponentially narrow with respect to N if the number of sites N is very large: w 2 − w 1 = O(exp(−N/2)). We therefore assume that the expression (77) can be well approximated by setting w = 1. At w = 1 we have the same expression (78) for tan (−2π∆Z(w)). Here we recall that we have shown that X decreases monotonically with respect to w in the interval w 1 < w < w 2 if the range of w such as |w 1 − 1| is very small. It is clear from eq. (78) that tan (−2π∆Z(w)) decreases monotonically with respect to w. It thus follows that the counting function Z(w) increases monotonically with respect to w for narrow pairs, i.e. for w satisfying w 1 < w < w 2 if N and ∆ is in the stable regime and N is very large. 
Counting complex solutions analytically

Two domains of definition in the counting function for narrow and wide pairs
Let us recall that due to Proposition 1 of section 2.4 we consider the regions of w where A(w) < 0 holds. We define the domain of definition for the counting function Z(w) by the set of values of w where X(w) is positive and the counting function Z(w) is defined. Furthermore, we have shown in section 3.1 that the number of zero of A(w) for w satisfying 0 < w < 1 is at most one, denoted by w 1 , and also that A(w) = 0 has a zero for w satisfying 1 < w < 1/t, denoted by w 3 .
It follows that the domain of definition for the counting function Z(w) is given by the interval between inf{w|A(w) ≤ 0} and sup{w|A(w) ≤ 0}, since A(w = 1) < 0 and A(w) is continuous. We recall that we have defined w 1 , w 2 , w 3 as follows.
We obtain the counting function, as shown in figure 5 . The monotonicity of Z(w) has been shown analytically in section 3 if N is very large in the stable regime for w with w 1 < w < w 3 (both narrow and wide pairs) and in the unstable regime for w with w 2 < w < w 3 (wide pairs). Furthermore, the monotonicity of Z(w) has been numerically confirmed at many points in the diagram of tanh 2 (ζ/2) versus w, as shown in figure 4 . We thus assume in section 4 that in the case of x > 0 (or tan x > 0) the counting function Z(w) is monotonically decreasing in the interval of w satisfying w 1 < w < w 2 and Z(w) is monotonically increasing in the interval of w satisfying w 2 < w < w 3 , and also that in the case of x < 0 it is monotonically increasing in the interval of w satisfying w 1 < w < w 2 and monotonically decreasing in the interval of w satisfying w 2 < w < w 3 . Therefore, if we derive Z(w 1 ), Z(w 2 ), and Z(w 3 ), we obtain the numbers of the two-string solutions for narrow and wide pairs, respectively. 4.2. Narrow pairs (w 1 < w < w 2 ) 4.2.1. Counting function Z(w) at w = w 2 in the limit of w → w 2 with w < w 2 If w is close to 1, we define ǫ as ǫ ≡ 1 − w. We expand A, B and C in terms of ǫ.
In terms of A(w) 's the function X = tan 2 x is expressed as
We thus have
It follows that X approaches 0 as ǫ goes to zero:
For tan x > 0, quantities a and b are given in terms of X by
Furthermore, we can show that a → 0 and a > 0 for w → w 2
We therefore have that b > 1 for w = 1 − ǫ with 0 < ǫ ≪ 1. Let us denote by lim w↓c the right-hand limit where we send w with w > c. Likewise we denote by lim w↑c the left-hand limit where we send w to c with w < c.
In the case of tan x > 0 for w < w 2 we have from (87)
We thus evaluate the counting function Z(w) in eq. (26) Z(w) → − 1 4
We thus have in the limit of √ X approaching zero while w approaching 1, the counting function becomes 1/4. It may lead to a singular solution.
4.2.2.
In the stable regime the counting function Z(w) at w = w 1 (0 < w 1 ) leading to extra two-string solutions We recall that C(w 1 ) = 0, as shown in Lemma 1. Furthermore, we can show that B(w 1 ) > 0. Then, in the limit of sending w to w 1 for w with w 1 < w, we have from (83)
In the case of tan x > 0 the counting function (26) approaches
We thus obtain N Z(w 1 ).
We suggest that there should be no corresponding solution to the limit N Z(w 1 ) = N/2, since X(w) goes to infinity at w = w 1 . Due to the parity condition (4), the largest quantum number is given by (N − 1)/2.
If there is a complex solution such that its quantum number is larger than the largest number predicted by the string hypothesis, we call it an extra two-string solution. According to the string hypothesis, the maximum Bethe quantum number J 1 should be given by (N − 3)/2 for narrow pairs. (See in Appendix D.) However, even in the stable regime we have a complex solution for the Bethe quantum number J 1 = (N −1)/2, since we have N Z(w 1 ) = N/2. In conclusion, the number of two-string solutions is larger than the number predicted by the string hypothesis throughout the whole stable regime.
4.2.3.
In the unstable regime the counting function at w = 0 and collapse conditions In the unstable regime we have w 1 = 0. For 0 < w ≪ 1 we can derive
Since X approaches a constant it is easy to show
We therefore calculate the counting function at w = 0 as follows.
We denote Z(0) also by Z (ζ,N ) 0
. In the limit of sending ζ to 0 (i.e. the anisotropy parameter ∆ → 1, the XXX limit) we have
It coincides with that of the XXX chain [17] . The conditions that the collapse of m two-string solutions occurs in the chain of N sites for m = 1, 2, . . ., are given by
If there is a complex solution such that its quantum number is equal to (N − 1)/2, we call it an extra two-string solution. The condition for an extra two-string solution appears is given by
Therefore, we obtain the following results. 
an extra pair of two-string solutions appears.
We have depicted the results in figures 2 and 3.
Bethe quantum numbers for narrow pairs (i)
In the stable regime the Bethe quantum numbers J 1 for narrow pairs (for w with w 1 < w < w 2 ) are given by
(ii) In the unstable regime the Bethe quantum numbers J 1 for narrow pairs (for w with w 1 < w < w 2 ) are given by
4.3. Wide pairs (w 2 < w < w 3 )
4.3.1. Counting function at w = w 3 We recall that C(w 3 ) > 0, as shown in Lemma 1. In fact, we can show it directly. Furthermore, we can show that B(w 3 ) > 0. Then, in the limit of sending w to w 3 for w with w < w 3 , A(w) approaches 0 with A(w) > 0, and hence we have from (83)
Here we have assumed that w 3 t 2 < 1. In fact, w 3 approaches 1 exponentially as N increases. We therefore have from (26)
We obtain N Z(w 3 ) as follows.
We suggest that there should be no corresponding solution to the limit of the counting function: N Z(w 3 ) = (N − 1)/2, since X(w) goes to infinity at w = w 3 , although the parity condition (4) holds for (N − 1)/2. The largest quantum number for wide pairs is given by J 1 = (N − 3)/2.
4.3.2.
Counting function in the limit w → w 2 for w with w 2 < w < w 3 When w is close to 1, we define ǫ as ǫ ≡ w − 1. We expand A, B and C with ǫ.
We recall that function X(w)(= tan 2 x) is expressed in terms of A(w) 's as shown in eq. (83). We have
We thus have X(1 + ǫ) → 0 as ǫ → 0. Furthermore, we can show
We therefore have that b > 1 for w = 1 + ǫ with 0 < ǫ ≪ 1. By making use of the expansion of X(1 + ǫ) shown in eq. (109) we have
We thus obtain N Z(w 2 ) for wide pairs (w 2 < w < w 3 )
4.3.3. Bethe quantum numbers for wide pairs The Bethe quantum numbers J 1 for narrow pairs (for w with w 1 < w < w 2 ) are given by
It is interesting to note that the right-hand limit and the left-hand limit for the counting function Z(w) at w = w 2 = 1are different.
(1) Sending δ to 0 with δ > 0 :
It corresponds to a singular solution in the case of N = 4n with an integer n.
(2) Sending δ to 0 with δ < 0 :
It corresponds to a singular solution in the case of N = 4n + 2 with an integer n.
Quantum numbers of a singular solution
In the spin-1/2 XXX spin chain the singular solutions corresponds to the case of δ = 0 and x = 0 for two down-spins. Here we recall that δ = 0 corresponds to w = 1. We now show that when w = 1, we have x = 0. In fact, it has already been shown in section 2.4.
It follows that when J 1 = Z(w = 1), J 1 corresponds to a Bethe quantum number of the singular solution with x = 0 and δ = 0. From (115) 
Definition of functions f and g and two lemmas
Let us define f (N,ζ) (w) and g (N,ζ) (w) by
It is easy to show that the equation for w: A(w) = 0 is equivalent to the equation for w:
For any given pair of integers satisfying N 2 > N 1 (> 1), we have g (N1,ζ) (w) > g (N2,ζ) (w) for 0 < w < 1 and 1 < w < 1/t.
Proof It simply follows from the inequality: ((1 + w)/(1 − w)) 2 > 1.
Lemma 5
For given two integers satisfying N 2 > N 1 (> 1), we have
Proof It follows from (1 + wt 2 )/(1 − wt 2 ) > 1.
Large-N behavior of the deviation in the interval
For narrow pairs, we assume that N and ∆ (or ζ) are in the stable regime. Let us take a pair of integers N 1 and N 2 with N 2 > N 1 > 1. First for N 1 , we consider two graphs: y = f (N1,ζ) (w) and y = g (N1,ζ) (w). It has been shown in section 3.1 that A(w) < 0 near the origin w = 0 for the stable regime, and also that the two graphs have the unique crossing point at w = w 1 , which has been defined as the zero of A(w): A(w 1 ) = 0. We denote w 1 byw
, since it is also a solution of the equation: Figure 6 . In the case of narrow pairs: for w satisfying 0 < w < 1 and in the stable regime: N > N ζ . Crossing pointw
closer to 1 than crossing pointw
) .
Here we remark that y = K (N1,ζ) is a linear graph, and the graph of y = g (N2,ζ) (w) is rapidly monotone increasing with respect to w, which goes to infinity at w = 1. We denote byw (N1,N2,ζ) g the crossing point of the two graphs y = K (N1,ζ) and y = g (N2,ζ) (w). Through the expansion of the logarithmic functions log(1 ± z) it is easy to show
We thus estimate the ratio with an exponential
We therefore expressw (N1,N2,ζ) g with respect to N 2 when it is very large
where α(N 1 , ζ) is given by
It follows thatw (N1,N2,ζ) g approaches 1 exponentially with respect to N 2 as N 2 increases infinitely. Here we recall that 0 <w (N1,ζ) f g since it corresponds to the zero w 1 of A(w) in the interval 0 < w < 1.
Furthermore, since g (N,ζ) (w) and f (N,ζ) (w) are monotone increasing with respect to w and Lemma 5 holds, we have
Because of this inequality, Lemma 4 and the fact that g (N,ζ) (w) is monotone increasing with respect to w, we havew
. Sincew 2 than α(N 1 , ζ). We therefore have a conjecture that the value α(N 1 , ζ) approaches 2t 2 as N 1 increases. That is, we expect thatw
(1 − 1/N 1 ) approaches 1 as N 1 goes to infinity. Consequently, we also expect thatw
2 N if N is large enough. and y = g (N2,ζ) (w). The former is a horizontally flat line and the latter is monotonically decreasing with respect to w and it comes from infinity at w = 1. It is therefore clear that the two graphs have a crossing point at some w. We denote it by w (N1,N2,ζ) g . Secondly, we consider another pair of graphs: y = f (N2,ζ) (w) and y = g (N2,ζ) (w). For wide pairs (1 < w < 1/t) the function y = f (N,ζ) (w) is monotone increasing with respect to w, while y = g (N,ζ) (w) is monotone decreasing with respect to w. It is therefore clear that they have a crossing point at some w, and we denote it by w (N2,ζ) f g . It follows from Lemma 5 that we have
Since f (N2,ζ) (w) is monotone increasing we have
From (128) and g (N2,ζ) (w) is monotone decreasing,
Figure 7. In the case of wide pairs: for w satisfying 1 < w < 1/t and both in the stable and unstable regimes. Crossing point w
We now consider g (N2,ζ) (w (N1,N2,ζ) g
). We express w (N1,N2,ζ) g with N 2 as follows.
Here by applying inequality (122) to K (N,ζ) 1
with w = 1 we have
We therefore have
Since w (N1,N2,ζ) g exponentially converges to 1 as N 2 increases infinitely (i.e., N 2 → ∞) and inequality (129) holds, it follows that w (N2,ζ) f g exponentially converges to 1 as N 2 increases infinitely (i.e. N 2 → ∞).
Numerical solutions of two-strings
6.1. Behavior of two-strings as the XXZ anisotropy ∆ approaches 1 Two-string solutions do not collapse to real solutions if the XXZ anisotropy parameter ∆ is large enough. The stable regime is located in the upper part of the whole diagram, i.e., in the area for large N and large ∆, as shown in figures 1, 2 and 3 .
For an illustration, we plot the rapidities of two-string solutions with N = 1000, i.e. the numerical solutions of the Bethe-ansatz equations (14) and (15) for N = 1000, in figures 8 for ∆ = 2, 1.1, 1.01 and 1.001 . It is clear that string deviations become more significant as the anisotropy parameter ∆ decreases to 1. In the case of ∆ = 1.001 string deviations are large and nontrivial. In the lower right panel of figure 8 we observe not only wide and narrow pairs with large deviations but also real solutions which correspond to collapsed two-string solutions.
We observe six points on the real axis in the lower right panel of figure 8 . Let us analytically derive the number. From inequality (100) we derive an estimate of the number of collapsed two-string solutions for a given N and ζ as follows.
Let us consider the case of N = 1000 and ∆ = 1.001. For ∆ = 1.001 we have ζ = cosh −1 (1.001) = 0.0447176 and then t = tanh(ζ/2) = 0.0223551. We thus have an estimate n collapse < 6.62533, i.e., we have n collapse = 6. We therefore have shown that the collapse of six two-string solutions occurs for N = 1000 and ∆ = 1.001. 
Behavior of two-strings as N becoming very large
We plot the rapidities of two-string solutions in figure 9 for N =1000, 2000, 3000, and 6000. We observe that the string deviations become smaller as the number of sites N increases, although ∆ is the same and very close to 1 such as ∆ = 1.001. We observe the behavior that the string deviations δ become smaller as the number of site N increases, and they finally vanish for N = 6000.
The observed numerical behavior is consistent with the theoretical result. We recall that in section 5 we have shown that the string deviations decreases exponentially with respect to the number of sites N .
In the case of N = 2000 and ∆ = 1.001, from formula (133) we have n collapse = −0.05. We therefore have no collapse of complex solution for this case. It is consistent with the numerical result that no narrow pairs are on the real axis in the
Numerical confirmation of extra 2-string solutions
For an illustration, we present an example of numerical two-string solutions in the case of N = 12. It follows from condition (101) that if the anisotropy parameter ζ satisfies 0.556888 · · · < ζ, an extra pair of complex solutions of the Bethe ansatz equations appears.
In table 1 we give all the complex solutions of the Bethe-ansatz equations in the massive regime of the spin-1/2 XXZ Heisenberg spin chain with N = 12 sites and ζ = 0.6 (i.e., ∆ = cosh(0.6) = 1.18546521824226770375 · · ·). Here we remark that it is in the unstable regime.
The energy eigenvalues corresponding to the solutions are consistent with the estimates of the numerical diagonalization of the XXZ Hamiltonian. Let us consider the Bethe quantum numbers, explicitly. For wide pairs (w 2 < w < w 3 ), we have the upper and lower bounds (114) for the quantum number J 1 .
In the case of x > 0 for N = 12 we have (N − 1)/2 = 11/2, and hence the largest quantum number J 1 is given by J 1 = 9/2. We recall that J 2 is given by J 2 = J 1 + 1 for wide pairs. For standard wide pairs with x > 0 we have (J 1 , J 2 ) = (7/2, 9/2) , (9/2, 11/2) .
The smallest positive quantum number is given by J 1 = 5/2, since N/4 − 1/2 = 5/2. It corresponds to the singular solution, since 5/2 coincides with the lower bound.
In the case of x < 0 for N = 12 the smallest quantum number J 1 is given by J 1 = −11/2, since −(N + 1)/2 = −13/2. For standard wide pairs with x < 0 we have
The largest negative quantum number J 1 is given by J 1 = −7/2, since we have −N/4 − 1/2 = −7/2. It corresponds to the singular solution. Hence, the two sets of quantum numbers correspond to the same singular solution (x, δ) = (0, 0):
For narrow pairs (w 1 < w < w 2 ) in the unstable regime, we have the upper and lower bounds (103) for the quantum number J 1 .
In the case of x > 0. for N = 12 the largest quantum number J 1 is given by J 1 = 11/2, since we have Z (N =12,ζ=0.6) 0 ≈ 5.70244. We recall that J 2 = J 1 for narrow pairs. The smallest positive quantum number is given by J 1 = 7/2, since we have N/4 = 3. For narrow pairs with x > 0 we have (J 1 , J 2 ) = (7/2, 7/2) , (9/2, 9/2) , (11/2, 11/2) .
Here the set (11/2, 11/2) gives an extra two-string solution, while the first two sets of quantum numbers are standard in the string hypothesis. In the case of x < 0 for N = 12 the smallest quantum umber J 1 is given by J 1 = −11/2, since we have −N/2 = −6. The largest negative quantum number J 1 is given by J 1 = −7/2, since we have −N/4 = −3. For narrow pairs with x < 0 we have
Here the set (-11/2, -11/2) gives an extra two-string solution. 
The XXX/XXZ correspondence of the Bethe quantum number
We now argue that if there exists a finite-valued solution of the Bethe ansatz equations for the spin-1/2 XXX spin chain, then there exists a solution of the Bethe ansatz equations for the spin-1/2 XXZ spin chain such that it has the same set of the Bethe quantum numbers as the XXX solution and it converges to the XXX solution in the limit of sending the anisotropy parameter ζ to zero. We shall give the argument particularly in the sector of two down-spins. However, we expect that the statement should be valid in any given sector. It is the merit of considering the two down-spin sector of the spin 1/2 XXX spin chain that it as been shown rigorously [17] that all the solutions are associated with the different set of the Bethe quantum numbers and the solutions are distinct.
The argued correspondence between the solutions of the XXX spin chain and those of the XXZ spin chain should be fundamental. Here we remark that some of the finite-valued solutions of the XXZ spin chain become divergent in the limit of sending zeta to zero. It is due to the fact that the total spin SU(2) symmetry of the XXX spin chain is broken in the XXZ spin chain.
As a reference we present the logarithmic form of the Bethe ansatz equations in the spin-1/2 XXX spin chain (∆ = 1) for M down-spins.
Hereafter we set M = 2. Let us assume that we have a pair of rapidities λ 1 and λ 2 that satisfy the Bethe ansatz equations (14) and (15) with the Bethe quantum numbers J 1 and J 2 , respectively. We then define reduced rapiditiesλ 1 andλ 2 , respectively, bȳ
We substitute rapidities λ 1 and λ 2 of eqs. (143) into the Bethe ansatz equations (14) . We first calculate the left hand-side of eq. (14) when ζ is very small, as follows.
tan(λ 1 ) tanh(ζ/2) = tan(ζλ 1 ) tanh(ζ/2)
We then calculate the main part in the right hand-side of eq. (14) as
We substitute the calculations of eqs. (144) and (145) into the first Bethe ansatz equation (14) for the XXZ spin chain.
2 tan −1 2λ 1 + 1 3λ
It is clear that the Bethe ansatz equation (146) converges to that of the spin-1/2 XXX spin chain as we send parameter ζ to zero: ζ → 0, if the reduced rapiditiesλ 1 and λ 2 do not diverge and remain finite. It has been shown rigorously in the two downspin sector [17] that all the solutions of the Bethe ansatz equations of the XXX spin chain are associated with the distinct sets of the Bethe quantum numbers J XXX 1 and J XXX 2 , and also that the solutions are distinct. Therefore, if ζ is small enough, then the reduced rapiditiesλ 1 andλ 2 are very close to the solution of the spin-1/2 XXX spin chain whose Bethe quantum numbers J are given by J 1 and J 2 , respectively, which are the Bethe quantum numbers of the XXZ solution, λ 1 and λ 2 .
Suppose that there is a finite solutionλ 1 andλ 2 of the XXX spin chain that has the same set of the Bethe quantum numbers J 1 and J 2 , i.e., J λ 1 andλ 2 in the limit of sending ζ to zero, then it is against the uniqueness of the XXX solutions with respect to the Bethe quantum numbers, which has been shown in Ref. [17] .
We therefore conclude that we have argued that for any given finite solution of Bethe ansatz equations in the spin-1/2 XXX spin chain, there exists a solution of the Bethe ansatz equations in the spin-1/2 XXZ spin chain such that they have the same set of the Bethe quantum numbers in common and in the limit of sending ζ to zero the XXZ solution converges to the XXX solution.
Conclusions
In this paper, by deriving all the Bethe quantum numbers for the complex solutions of the Bethe ansatz equations in the two down-spin sector we have shown analytically the number of complex solutions in the massive regime of the spin-1/2 XXZ Heisenberg spin chain. We have derived the following results. (i) We have shown the existence of extra two-string solutions, which are not described by the string hypothesis. We derived the criterion for extra two-string solutions to exist in terms of the anisotropy parameter ∆ and the site number N . (ii) We formulated the criterion for the collapse of m two-string solutions occurs in terms of the anisotropy parameter ∆ and the site number N , by assuming the monotonicity of the counting function. (iii) In the stable regime we have shown rigorously that the counting function is monotone in w for large N . In the unstable regime we confirmed the monotonicity numerically, and presented analytical arguments for it. (iv) We have shown that string deviations are exponentially small as the site number N increases for two-strings with wide pairs or with narrow pairs in the stable regime for the two down-spin sector in the massive regime of the spin 1/2 XXZ spin chain. (v) We presented the numerical estimates of extra string solutions for N = 12. We have illustrated the Bethe quantum numbers with the numerical solutions for N = 12. (v) We have argued that for a finite-valued solution of the spin-1/2 XXX spin chain there exists a solution of the massive XXZ spin chain that has the same Bethe quantum numbers in common. In the interval 0 < w < 1/t for both narrow and wide pairs we have It has been shown [17] that the Takahashi quantum number I is related to the Bethe quantum numbers J 1 and J 2 for the two-string solutions of the spin-1/2 XXX spin chain in the sector of two down-spins as follows.
Here, x denotes the center of two strings. in the XXX chain two string solutions are given by λ 1 = x + i/2 + iδ and λ 2 = x − i/2 − iδ. For wide pairs, since J 2 = J 1 +1, the largest Bethe quantum number J 
